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Abstract

Recent experiments revealed an exciting possibility of making nanowires by filling nanosacle cracks in a thin film. Exploration and
practical application of the method would rely on the modeling capability to predict complex nanocracks and their geometries in
heterogeneous films. This paper proposes a level set approach to investigate the formation of nanocrack patterns, which allows precise
prediction of the direction of crack extension, geometry of the crack tip, and interaction between crack and other phases. The approach
does not require explicit front tracking and allows for the simulation of complex crack patterns and crack intersection. An efficient
iterative Fourier spectral method is applied to solve the elastic field. The propagation of the crack interface is determined by the com-
petition between the elastic and interfacial energies. This paper investigates the cracking process in a thin film with etched spaces and stiff
phases. Numerical simulations reveal that designed pre-patterns can effectively direct crack extension and suggest a significant degree of
experimental control in the formation of nanocrack patterns.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Thin film cracking has been observed experimentally in
different materials systems [1,2] and length scales [3,4].
Cracks can lead to structural or functional failure. While
cracking is generally considered undesirable in many mate-
rials systems, recent study suggests that the mechanism
may be used for nanowire fabrication [5,6]. Nanowires
are typically formed of semiconductor or metallic materi-
als, and can have diameters of 10–100 nm and lengths of
up to 10 lm. They have received significant interest as
functional components for nanoscale systems [7,8]. Typi-
cally nanowires have been fabricated by techniques such
as scanning tunneling microscopy [9,10] and electrochemi-
cal deposition [11–13]. The demonstration of forming
nanowires by filling nanocracks suggests a promising
low-cost fabrication method [5]. In the process a SiO2 film
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was patterned by etching sharp corners for crack initiation.
Elevating the system temperature induces tensile stress in
the film, which causes cracks to form in pre-determined
directions. These cracks are then filled with a suitable mate-
rial, such as nickel, and the subsequent removal of SiO2

produces a controlled network of nanowires of about
100 nm in diameter.

These experimental observations pose interesting scien-
tific problems of directed nanocracks in thin films and calls
for a study of the mechanism and design criteria. Many exist-
ing works focus on single cracks and simple crack directions
[14]. A computational model to predict complex crack paths
in heterogeneous films is necessary to fully explore the poten-
tial of nanocracking. Numerical methods such as finite ele-
ment analysis [15] and cohesive zone model [16] have been
used to study crack propagation. These approaches require
tracking the crack path and front explicitly. The algorithm
and computation become very complicated for multiple
cracks, non-straight cracks, or crack intersections. Resolv-
ing nanoscale features requires consideration of a finite
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Fig. 1. A schematic of the level set regions. The zero contour of the level
set corresponds to the interface C(t), which separates the domain into two
regions: /(x, t) < 0 in X(t) and /(x, t) > 0 in XðtÞ.
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crack tip radius. The assumption about the shape and exten-
sion of the crack tip used in the finite element analysis or
cohesive zone model may not be applicable at the small
length scales needed for fracture-based nanowire fabrica-
tion. Recently phase field models have been extended to
study crack problems, where the crack surface is a transition
region described by a continuous field variable [17–21]. This
approach eliminates the need to explicitly describe the loca-
tion of cracks [22], which allows the investigation of large
numbers of cracks without complex meshes. However,
mathematically ambiguity exists about the actual location
of crack boundaries and the definition of interface properties
in a phase field model. The scale of the resulting crack pat-
terns can be blurred or overwhelmed by the width of the
phase field interface. This approach also introduces several
user-controlled parameters that are hard to relate to physi-
cally measurable quantities.

In this paper, we propose a level set approach to inves-
tigate the formation of nanoscale crack patterns. The sharp
interface eliminates any physically ambiguous parameters.
The approach allows simulation of many cracks, provides
the precise location of crack interfaces and easily accom-
modates large morphological changes without the need of
expensive remeshing. The application of the level set
approach in other problems has already demonstrated its
efficiency and capability to handle complex and large
morphological changes such as pinching and combining
[23–25]. While the level set approach has also been
explored to investigate the cracking of materials [14], these
studies are limited to the propagation of a single crack and
require finite element analysis to obtain the elastic field in
the system. In contrast, this paper investigates the propaga-
tion of many cracks and how pre-patterns and elastic inter-
actions affect the crack morphology. An iterative Fourier
spectral method is utilized to obtain the elastic field, which
results in a scheme that is both fast and easy to implement.
The plan of this paper is as the following. Section 2 intro-
duces the level set approach. The model for crack patterns
is formulated in Section 3. Results demonstrating the valid-
ity of the model and representative numerical simulations
are presented in Section 4.
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Fig. 2. A heterogeneous film containing a crack. The crack region is
represented by /(x, t) < 0.
2. The level set approach

The level set approach has been utilized in a wide variety
of interface evolution problems, from electromigration [26]
to epitaxial growth [27] and evolving fluid interfaces [28].
The key idea is to embed an interface into a function of
higher dimensionality. Consider a time-dependent closed
interface C(t) as shown in Fig. 1. The region enclosed by
C(t) is denoted as X(t), with the remaining region denoted
as XðtÞ. Introduce an arbitrary continuous function /(x, t)
to differentiate various regions, such that

/ðx; tÞ < 0 in XðtÞ;
/ðx; tÞ ¼ 0 on CðtÞ;
/ðx; tÞ > 0 in XðtÞ;

8<
: ð1Þ
where x denotes the position vector. The zero contour of
the level set function / fully determines the location of
the interface. The normal of the interface, n, and curvature,
j, are given by [24]

n ¼ r/
jr/j ; ð2Þ

j ¼ r � r/
jr/j

� �
: ð3Þ

Here the positive normal direction points outward of X(t),
i.e. from the region of negative /(x, t) to the positive region.
The curvature is positive for a convex X(t). While many
functions can be constructed to satisfy Eq. (1), it is conve-
nient to choose functions with known properties and good
behavior. A signed distance function is usually used.

The movement of the interface is described implicitly by
the evolution of the level set function. A velocity field v

convects /(x, t), leading to

o/
ot
þ v � r/ ¼ 0: ð4Þ

Note that $/ is along the normal direction n, so that only
the normal component of the velocity vn contributes to
v Æ $/. Eq. (4) can be written as

o/
ot
þ vnjr/j ¼ 0: ð5Þ
3. A level set model for crack patterns

Consider a heterogeneous film shown in Fig. 2, which
comprises two materials and a crack. Define a level set
function /(x, t) such that a crack region takes /(x, t) < 0
and the crack surface is defined by /(x, t) = 0. The chemi-
cal potential at the crack surface is given by

l ¼ Xðge � cjÞ; ð6Þ
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where X is the atomic volume, ge the elastic energy density,
and c the surface energy density. The normal velocity re-
lates to the chemical potential by vn = Dl/cX, where D is
a phenomenological kinetic coefficient [21]. The kinetics is
analogous to the time-dependent Ginzburg–Landau equa-
tion, where it acts to reduce the free energy of a material
system. A larger D allows a crack to extend faster. This
paper focuses on the direction and path of the crack prop-
agation. In this sense, D can be viewed as an adjustable
numerical parameter. A crack, once formed, stays in the
material even after the load is removed. To model this irre-
versibility we restrict to a positive normal velocity, namely

vn ¼ max D
l
cX

; 0

� �
: ð7Þ

It can be shown that the cracking behavior described by
Eqs. (6) and (7) is consistent with the Griffith criteria.
Consider an elliptical cavity of semi-axes a and b (a� b)
in an infinitely large film. Apply a uniaxial load r0 along
the b-direction. The tip of the cavity has the greatest stress
intensity factor, which is 1 + 2a/b. The stress at the tip,
rtip = r0 (1 + 2a/b), gives an elastic energy density of
ge ¼ r2

tip=2E, where E is Young’s modulus. The curvature
at the tip is j = a/b2. The cavity becomes a Griffith crack
when b! 0. This crack starts to grow when ge = cj, lead-
ing to a critical load of

rc ¼
1ffiffiffi
a
p Ec

2

� �1=2

: ð8Þ

According to the Griffith theory, a crack of length 2a starts
to extend when the remotely applied stress exceeds a criti-
cal value of rc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ER=pa

p
, where R is fracture resistance.

Eq. (8) gives the correct 1=
ffiffiffi
a
p

dependence. A relationship
can then be established to relate the surface energy density
to the fracture resistance by

c ¼ 2R
p
: ð9Þ

Surface energy contributes to fracture resistance and plays
a significant role in nanocrack formation. The magnitude
of surface energy density is affected by atomistic scale pro-
cesses such as surface reconstruction. Eq. (9) indicates that
for a given material system the model can be calibrated by
selecting an appropriate surface energy density.

Note that Eq. (7) gives the velocity of the crack surface.
Eq. (5) requires defining velocity field in the whole domain
besides the zero contour of the level set function. However,
only the velocity on the crack surface is physically signifi-
cant. The treatment of velocity fields in other regions,
which do not correspond to any physical process, is dis-
cussed in Section 3.3.

3.1. The elastic field

Denote the elastic stiffness of the film material by kf
ijlm

The stiffness at a spatial point in the crack-containing film,
kijlm(x), can be obtained by interpolation [29],
kijlmðxÞ ¼ qðxÞkf
ijlm: ð10Þ

The density function q(x) smoothly transitions from a va-
lue of 0 inside the crack region to a value of 1 in the film
region. A continuous q(x) is computational convenient.
The specific form is insignificant as long as the transition
is narrow. A convenient choice is

qx ¼ 1

2
1þ tanh

2/ðxÞ
h

� �� �
; ð11Þ

where h is a parameter controlling the transition thickness.
Denote the lattice misfit between the film material and

the substrate by e0dij, where dij is Kronecker delta. The mis-
fit strain at any spatial point in a crack-containing film is
given by

e0
ijðxÞ ¼ ð1� qðxÞÞe0dij: ð12Þ

The elastic field can be obtained by the supposition of a
uniform field and an inhomogeneous perturbation field.
The strain in the film, eij(x), is expressed by two parts

eijðxÞ ¼ �eij þ ~eijðxÞ: ð13Þ

The homogeneous strain, �eij, is the uniform macroscopic
strain characterizing the macroscopic shape and volume
change associated with the total strain, eij(x). It relates to
the macroscopic applied stress by the volume average of
the system stiffness. The inhomogeneous strain, ~eijðxÞ,
relates to the perturbation displacement, ui(x), by

~eijðxÞ ¼
1

2

ouiðxÞ
oxj

þ oujðxÞ
oxi

� �
: ð14Þ

The total stress field, rij(x), can be computed by

rijðxÞ ¼ kijlmðxÞðelmðxÞ � e0
lmðxÞÞ: ð15Þ

We consider quasistatic situations where the elastic field
reaches equilibrium much faster than crack propagation.
The stress field satisfies the standard elastic equilibrium
equation,

orijðxÞ
oxj

¼ 0: ð16Þ

Substituting Eqs. (13)–(15) in Eq. (16), we obtain a partial
differential equation for the displacement field,

o

oxj
kijlmðxÞ

oulðxÞ
oxm

� �
¼ o

oxj
kijlmðxÞ e0

lmðxÞ � �elm

� �	 

: ð17Þ

Add Aijlmo2ul/oxjoxm to both sides of Eq. (17), where Aijlm

is a tunable constant for computational stability. Rear-
ranging the terms gives

Aijlm
o2ulðxÞ
oxj oxm

¼ o

oxj
½kijlmðxÞðe0

lmðxÞ � �elmÞ�

� o

oxj
ðkijlmðxÞ � AijlmÞ

oulðxÞ
oxm

� �
: ð18Þ
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Take the Fourier transform of Eq. (18) and solve the equa-
tion by iteration. The displacement field at the nth iteration
is given by

ûðnÞp ðkÞ ¼ �
ffiffiffiffiffiffiffi
�1
p

kjGipðkÞ
�
kijlmðxÞðe0

lmðxÞ � �elmÞ

�ðkijlmðxÞ � AijlmÞ
ouðn�1Þ

l ðxÞ
oxm

#
k

; ð19Þ

where k is the wave vector in Fourier space and
Gip(k) = (Aijpmkjkm)�1 is the Green’s tensor. The hat or a
subscript ‘k’ denotes Fourier transform. The initial value
is taken to be ûð0Þp ðkÞ ¼ �ikjGipðkÞ½kijlmðe0

lm � �elmÞ�k. The
gradient, ouðn�1Þ

l ðxÞ=oxm, is obtained by inverse Fourier

transform of
ffiffiffiffiffiffiffi
�1
p

kmûðn�1Þ
l ðkÞ. The convergence of Eq.

(19) depends on the choice of Aijlm. We chose
Aijlm ¼ kf

ijlm, and found that Eq. (19) converged after about
10 iterations. In the situation that the film comprises multi-
ple materials, one can choose Aijlm to be the elastic tensor
of the stiffest material. After the displacement field is deter-
mined, the elastic energy density is given by

ge ¼
1

2
kijlmðeij � e0

ijÞðelm � e0
lmÞ: ð20Þ
3.2. Level set evolution

The motion of the crack interface is captured by the evo-
lution of the zero contour of the level set function. Choose
a characteristic length scale, l0, which reflects the feature
size to be resolved. Define a characteristic energy density
by x0 = c/l0. A characteristic time is defined by t0 ¼ l2

0=D.
Eq. (5) retains its form after normalization, except that
now t stands for the normalized time t/t0, the gradient
operates on the normalized space x/l0, and vn =
max(ge � j, 0) is the normalized normal velocity. Here ge

is the elastic energy density normalized by x0 and j is
the curvature normalized by l0.

Essentially non-oscillatory and weighted essentially non-
oscillatory type schemes have been used to solve Eq. (5)
[24]. However, these schemes are based on explicit methods
and require small time steps for numerical stability. Here
we propose a semi-implicit method which has strong
numerical stability and allows large time steps [30,31].
Rewrite the normalized Eq. (5) by

o/
ot
� br2/ ¼ Sð/Þ � br2/; ð21Þ

where b is a stabilization constant and S(/) = �vnj$/j.
The idea is to treat the linear term b$2/ on the left implic-
itly and the S(/) � b$2/ term on the right explicitly.
Replace by o//ot, by (/(n) � /(n�1))/Dt, b$2/ by b$2/(n)

and S(/) � b$2/ by S(/(n�1)) � b$2/(n�1) in Eq. (21).
Applying the Fourier transform, we obtain

/̂ðnÞðkÞ ¼ /̂ðn�1ÞðkÞ þ Dt

1þ bDtk2
½Sð/ðn�1ÞðxÞÞ�k: ð22Þ
Here k2 ¼ k2
1 þ k2

2 and Dt is the time step. This semi-implicit
approach can significantly alleviate the time step con-
straint. The 1 + bDtk2 term in the denominator acts as a
smoothing factor to reduce the high frequency noise which
may accumulate during time integration. In the limit of
b! 0 Eq. (22) reduces to the standard first-order method.
In this work we have obtained numerical stability in all our
simulations by taking b = 0.5.
3.3. Extension of values off of the interface

Without explicit interface tracking, the level set
approach applies Eq. (22) to evolve / in the entire domain.
However, the driving function S is only defined at the inter-
face. The expression in the non-interface regions needs to
be determined. In practice, we first calculate S at the inter-
face, and then use it as the internal boundary condition to
construct the S field in other regions. This process is known
as extension of values off of the interface, which involves
evolving the following hyperbolic equation [24]:

oS
os
þ sgnð/Þ r/

jr/j � rS ¼ 0 ð23Þ

for a pre-determined amount of time. Here s is time and
sgn(/) is the standard sign function,

sgnð/Þ ¼
�1 if / < 0;

0 if / ¼ 0;

þ1 if / > 0:

8><
>: ð24Þ

The following shows the numerical procedure to solve Eq.
(23). Define the set of nodes within one grid spacing from
the interface to be R. These nodes satisfy

/i;j/i�1;j < 0 or /i;j/iþ1;j < 0 or /i;j/i;j�1 < 0 or /i;j/i;jþ1 < 0;

ð25Þ

where the subscript i and j indicate the nodal position in the
x1- and x2-direction. The velocities of these nodes are
solved by Eq. (7) and thus their S values are defined. These
nodes serve as the boundary points for Eq. (23), where the
S field is extended to nodes not in R. Generally speaking,
numerical accuracy is not an overriding factor, as long as
the driving function S remains unchanged at the zero level
set and is extended off the interface in a sensible and
controlled manner. Here we choose a first-order upwind
scheme for spatial derivative and forward Euler method
for time integration, which gives

Sðnþ1Þ
i;j

¼

SðnÞi;j if ði;jÞ 2R;

SðnÞi;j �Ds ðsgni;jn
1
i;jÞþ

SðnÞi;j �SðnÞ
i�1;j

Dx1
þðsgni;jn

1
i;jÞ�

SðnÞ
iþ1;j
�SðnÞi;j

Dx1

�

þðsgni;jn
2
i;jÞþ

SðnÞi;j �SðnÞ
i;j�1

Dx2
þðsgni;jn

2
i;jÞ�

SðnÞ
i;jþ1
�SðnÞi;j

Dx2

�
otherwise;

8>>>>><
>>>>>:

ð26Þ
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where the subscripts ‘‘+’’ and ‘‘�’’ denote operations
(x)+ = max(x, 0) and (x)�=min(x, 0). n1 and n2 are the com-
ponents of the normal n in the x1- and x2-directions, Dx1 and
Dx2 are the grid spacing in the x1- and x2-directions, and
Ds = min(Dx1,Dx2)/2 is the time step. The upwind deriva-
tives ensure that information is propagated away from the
interface along the normal direction in a controlled manner.
3.4. Initial condition and reinitialization of the level set

function

Eq. (5) suggests that the rate at which the level set
advances directly relates to its gradient at any spatial point.
To ensure well-behaved level set evolution the gradient
must be bounded. A widely used method is to set the level
set to a signed distance function such that the gradient is
unity, j$/j = 1 [32,33]. In most implementations this is
achieved by regularly replacing the current level set with
a signed distance function that has the same zero contour.
This process is known as reinitialization. We achieve reini-
tialization by propagating information off of the interface,
similar to the extension scheme described in Section 3.3.
The concept is the following. Imagine a particle moving
normal to the interface with a constant speed of 1. The
amount of time that the particle has traveled is equal to
its distance from the closest interface point. Mathemati-
cally this can be expressed by

o/
os
þ sgnð/0Þ r/

jr/j � r/ ¼ sgnð/0Þ; ð27Þ

where /0 is the current level set function to be reinitialized
and / is the updated one. When Eq. (27) is solved to the
steady-state, the entire domain of interest is reinitialized
to a signed distance function. We solve Eq. (27) with an up-
wind approach, which has been proven to be both accurate
and computationally inexpensive [33]. First obtain the set of
nodes next to the interface by Eq. (25). Then in the set R cal-
culate the distance from the node to the nearest interface by

Di;j¼
/0

i;jffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þb2

p ;

a¼max j/0
iþ1;j�/0

i�1;jj=2; j/0
iþ1;j�/0

i;jj; j/
0
i;j�/0

i�1;jj;e
� �.

Dx1;

b¼max j/0
i;jþ1�/0

i;j�1j=2; j/0
i;jþ1�/0

i;jj; j/
0
i;j�/0

i;j�1j;e
� �.

Dx2;

ð28Þ

where e is a small number, here taken to be e = 10�10. For
points outside of R the following upwind function is
calculated:

Gi;j ¼ ð/0
i;jÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maxða2

þ; b
2
�Þ þmaxðc2

�; d
2
þÞ

q
þ ð/0

i;jÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maxða2

�; b
2
þÞ þmaxðc2

þ; d
2
�Þ

q
;

a ¼ ð/i;j � /i�1;jÞ=Dx1; b ¼ ð/iþ1;j � /i;jÞ=Dx1;

c ¼ ð/i;j � /i;j�1Þ=Dx2; d ¼ ð/i;jþ1 � /i;jÞ=Dx2:

ð29Þ
The resulting two-dimensional scheme for level set reinitial-
ization is given by

/ðnþ1Þ
i;j ¼

/ðnÞi;j � Dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDx2

1
þDx2

2
Þ=2

p sgnð/0
i;jÞj/

ðnÞ
i;j j � Di;j

� �
if ði; jÞ 2 R

/ðnÞi;j � sgnð/0
i;jÞDsðGi;j � 1Þ

otherwise

8>>>>><
>>>>>:

ð30Þ

The time step was taken to be Ds = min(Dx1,Dx2)/10. Eq.
(30) was repeated until achieving a steady-state, when the
reinitialization process was finished. In our work reinitial-
ization was performed every 100 time steps in evolving
Eq. (22) or when the gradient differed greatly from the
value of 1. Results did not change if reinitialization was
performed more often.

An initial level set function needs to be constructed to
start the simulation. To do this, we first locate the initial
crack interface. If the interface passes through a grid point
the initial value of that point is set to zero. For grid points
directly next to the interface the distance to the interface is
calculated and used as the initial level set value, with the
sign depending on whether the grid point is inside or
outside the crack. Then regions inside the crack are all
assigned the value of �1 while regions outside the crack
are assigned the value of 1. We then apply the reinitializa-
tion procedure to replace this crude level set with a smooth
signed distance function, which serves as the initial level set
for the simulation.

The following outlines the entire procedure of simula-
tion. After the initial level set is defined the elastic field
can be calculated by iterating Eq. (19). In a band of grid
points directly next to the interface the interfacial curvature
is calculated by Eq. (3). The source term S(/) is also calcu-
lated in this band. Apply Eq. (26) repeatedly to extend S

smoothly from the interface to other regions. Then / and
S are transformed into Fourier space and the level set is
updated by Eq. (22). Inverse Fourier transform gives the
updated / in real space. The procedure repeats until a
desired time. If the gradient during any iteration is much
different than one or 100 iterations have passed the level
set function is reinitialized by applying Eq. (30).
4. Numerical simulations

All simulations were performed on a square domain of
256 by 256 grids with grid spacing of 0.5l0. To resolve
nanoscale features, we took l0 = 1.0 nm. The film was elas-
tic isotropic. The Young’s modulus and Poisson’s ratio
were taken to be E = 100 GPa of m = 0.3. The surface
energy density measures the resistance of the film material
to fracturing. The magnitude is on the order of J/m2 for
many materials. In the simulations we took c = 1 J/m2.
The characteristic energy density was then x0 = 109 J/m3.
The time step used in the simulations was Dt = 10�3.

First consider the evolution of a cavity under stress and
the subsequent crack initiation and propagation process.
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Fig. 3 shows a circular hole with a radius of 10l0 in the cen-
ter of the calculation domain. A uniaxial tensile strain of
0.03 was applied in the x1-direction. Theoretical analysis
shows that on the surface of the hole the two extreme
points in the x2-direction have the largest stress concentra-
tion factor of 3. When the load is large enough, mode-I
cracks may initiate from these high stress points. The pro-
posed level set approach was used to understand the crack
formation and extension process. The size of the hole is
small compared to the calculation domain so that the film
can be treated infinitely large. In this case the elastic field in
the film can be solved analytically, which serves as a bench-
mark to verify the Fourier spectral method in Section 3.1.
We found that numerical solutions of the stress and strain
field agreed well with analytical results. The applied load
causes the hole to evolve and change morphology. Fig. 3
shows the evolution sequence with a series of zero contours
of the level set function at different time steps, which
defined the locations of the crack surface. The time interval
between two neighboring contours is t0. The simulation
suggests that the hole first forms small cusps at the high
stress regions. The increasing curvature of the cusps leads
Fig. 3. The evolution of a circular hole under a tensile strain of 0.05 in the
x1-direction. The zero contours at different time steps show the extension
of the crack surface. The time interval between two neighboring contours
is t0.
to higher stress concentration and promotes the extension
of cusps into cracks. Over time the crack front reaches an
equilibrium profile, leading to a constant propagation
velocity. This steady-state can be understood in the follow-
ing. When the crack is long and maintains the tip profile,
the relaxed elastic energy associated with per unit crack
advancement is almost constant. The increase of the sur-
face energy associated with the newly created surfaces is
also constant for any unit crack advancement. The energy
difference constitutes a fixed driving force for cracking.
Thus the crack propagates at a constant velocity when
the energy dissipation rate keeps invariant. The constant
kinetic coefficient D in Eq. (7) essentially implies a fixed
dissipation rate during evolution. The sequence in Fig. 3
agrees with results from other simulations using different
approaches [17,20].

In an isotropic film the cracking behavior should be
independent of the film orientation. However, numerical
computations are performed on square domains with dis-
crete grids. It is necessary to verify that the symmetry of
the computational grids does not affect the physical process
and numerical results. Fig. 4 shows an example to confirm
this grid independence. The initial elliptical cavities are all
the same, except that they have different orientations rela-
tive to the computational grids in Fig. 4(a)–(c). A biaxial
strain of 0.03 is applied. The two contours in each figure
shows the geometry of the initial crack geometry and the
crack geometry after evolving for 10t0. It is observed that
in all cases the cracks extend along the long axes and dem-
onstrate identical behavior. This simulation confirms that
the proposed level set approach can describe arbitrary
crack orientations without introducing any artifact due to
discrete grids. Crack geometry can be accurately captured.

Recent experiments have shown that nanocrack patterns
can be used as templates to fabricate nanowires. Cracks
may deviate from straight propagation paths and curve
towards empty etched spaces. The observation suggests
that material inhomogeneity in a film may be exploited to
direct crack path and obtain desired nanocrack patterns.
The proposed approach allows quantitative study of com-
plex crack paths. An example is shown in Fig. 5, which
demonstrates crack interactions and deflections. The calcu-
lation contains two elliptical holes with semi-axes of 25l0 in
Fig. 4. Evolution of an elliptical cavity with varying initial orientations. A
biaxial strain of 0.03 is applied. The symmetry of the computational grids
does not affect the physical process and numerical results. The time
interval between two contours is 10t0. The angle between the long axes and
the horizontal direction is (a) 0�, (b) 30� and (c) 45�.



Fig. 5. Evolution of two elliptical holes demonstrates crack interaction
and deflection. The hole has semi-axes of 25l0 in the x1-direction and 4l0 in
the x2-direction. The vertical distance between the long axes of the two
ellipses is 25l0. The film is subjected to a biaxial strain of 0.03. The
contours show the evolution of crack surfaces from 0 to in increments of
2t0.

Fig. 6. Effect of material stiffness on crack propagation in a heterogeneous
film. The film is subjected to a biaxial strain of 0.05. (a) The film has a
modulus of E1 = 100 GPa. The center is a circular disk region with radius
of 20l0 and modulus of E2. (b) Crack pattern at 3t0 when E2 = E1. (c)
Crack pattern at 3t0 when E2 = 0.1E1. (d) Crack pattern at 6t0 when
E2 = 10E1.
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the x1-direction and 4l0 in the x2-direction. The vertical dis-
tance between the long axes of the two ellipses is 25l0. The
film is subjected to a biaxial strain of 0.03. The contours
show the evolution of crack surfaces from 0 to 10l0 in incre-
ments of 2t0. The outer crack tips are relatively far from
each other at the beginning. Due to the weak interaction,
they extend in a fashion close to mode-I. In contract, the
inner crack tips sense and deflect toward each other. Note
that the calculation domain is periodic. The outer tips dem-
onstrate similar deflecting behavior after certain time, when
they are close to each other.

The proposed level set approach allows studying crack
patterns in multicomponent films. Tuning the elastic prop-
erties and geometries of different phases can significantly
affect the crack path. An example is shown in Fig. 6. As
before, the film has a modulus of E1 = 100 GPa. A biaxial
strain of 0.05 is applied. In the center of the film is a circu-
lar disk region of radius 20l0, as shown in Fig. 6(a). Denote
the Young’s modulus of this disk by E2. This disk is sur-
rounded by eight small holes. We vary the modulus E2

and investigate how different material stiffness affects the
crack pattern. First take E2 = E1, i.e. the disk region is sim-
ply film material. Fig. 6(b) shows the crack pattern after
3t0. Cracks extend from the eight small holes, sense and
deflect toward each other, and eventually connect into a
circular ring structure. This simulation suggests an interest-
ing possibility to make nanowire rings via nanocracks.
Next take E2 = 0.1E1, i.e. the disk region is less stiff than
the surrounding material. The crack pattern at 3t0 is shown
in Fig. 6(c). Compared to Fig. 6(b), it can be observed that
the compliant disk dramatically changes the cracking
behavior. Close to the disk region the hoop stress is larger
than the radial stress. Thus cracks extend from the eight
small holes along the radial direction of the disk.
Fig. 6(d) shows a reverse situation, where the disk is stiffer
than the surrounding material, E2 = 10E1. The pattern is
for the time of 6t0. The stiff phase tends to deflect cracks
away from it. Cracks from the eight small holes extend
along the hoop direction of the disk. These cracks eventu-
ally get connected and form a smooth ring around the disk.
The simulation suggests a significant degree of experimen-
tal control to direct nanocracks.
5. Conclusions

This paper has developed and implemented a level set
approach to model the evolution of cracks in heteroge-
neous films. The elastic field is solved using an iterative
Fourier spectral method which is highly accurate and effi-
cient. By describing crack interfaces as the zero contours
of a level set function complex patterns and morphological
changes can be modeled. The evolution of a crack is deter-
mined by the competition between the strain and surface
energy. This model is shown to be consistent with the Grif-
fith criteria and applicable to multicomponent films. The
proposed approach allows quantitative study of complex
interactions and crack paths. In applications such as elec-
tronic devices, this computational tool allows appropriate
material design to suppress cracking in critical area and
deflect any potential cracks to other places. Etched spaces
and stiff phases can be used to achieve designed nanocrack
patterns. Depositing metallic or semiconductor materials
into these cracks can produce nanowires difficult to make
in other approaches.
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